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GEOMETRY OF LEBESGUE-BOCHNER FUNCTION SPACES-
SMOOTHNESS
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1. E. LEONARD(!) AND K. SUNDARESAN

ABSTRACT. There exist real Banach spaces E such that the norm in E is of class C*
away from zero; however, for any p, 1 < p < o, the norm in the Lebesgue-Bochner
function space L,(E, p) is not even twice differentiable away from zero. The main objective
of this paper is to give a complete determination of the order of differentiability of the
norm function in this class of Banach spaces.

Introduction. The class of Lebesgue-Bochner function spaces, introduced by
Bochner and Taylor [4] in 1938, has been found to be of considerable
importance in various branches of mathematics, and is discussed at length in
Dinculeanu [11}, Dunford and Schwartz [12], and Edwards [13]. The study of the
geometric properties of the Lebesgue-Bochner function spaces dates back about
three decades: Day [8] and McShane [17], respectively, characterized uniform
convexity and smoothness of these spaces. In fact, the only known result
concerning the smoothness of the Lebesgue-Bochner function spaces is due to
McShane, and his result concerns only the directional derivative (Gateaux
derivative) of the norm in this class of Banach spaces. Even the Fréchet
differentiability of the norm has not been considered anywhere. It might be
mentioned in this connection that the first systematic study of higher-order
differentiability of the norm in a Banach space was made by Kurzweil [15] in
1954. Subsequently, in 1965, Bonic and Frampton [5a] extended Kurzweil’s
results, and in 1966 [5b] they discussed various categories of smooth Banach
manifolds. In 1967, Sundaresan [18] extended some of Kurzweil’s results inde-
pendently. In [5b] and [18], the order of differentiability of the norm in the
classical L, spaces, 1 < p < o, is obtained; while in Sundaresan [20], the
smoothness of the norm in C(X, E) is discussed.

For an elegant up-to-date account of smooth Banach spaces, and related
concepts one might refer to the lecture notes by S. Yamamuro [23].

This paper contains the first systematic investigation of the higher-order
differentiability of the norm function in the Lebesgue- Bochner function spaces
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L,(E,T,Z,p), 1 < p < oo, where E is a real Banach space and p is a nonnega-
tive extended real-valued measure defined on the measurable space (T, ). The
paper is divided into four sections. §1 contains the basic definitions of the various
geometric and analytic properties of Banach spaces to be studied as well as the
definition of the Lebesgue-Bochner function spaces L,(E,p). §2 contains the
results on Fréchet differentiability of the norm in L,(E,p). In §3, the results
concerning the higher-order differentiability of the norm in L,(E,p) are dis-
cussed. §4 contains a counterexample which shows that even if the norm in E is
of class C*, the norm in L,(E, p), for any p, 1 < p < o0, need not be even twice
differentiable; thus pointing out the importance of the characterizations in §§2
and 3.

1. Definitions and notation. The definitions and notation used throughout the
paper are collected in this section for easy reference. In the following definitions,
E denotes a real Banach space and E* is the dual of E.

1.1. Definition. The unit ball of Eis U = {x € E | ||x|| < 1} and its boundary
S ={x € E||x|| = 1} is the unit sphere of E. In the dual space E*, U*
= {f € E*||fl <1} is the unit ball of E* and S* = {f € E* | ||fll = 1} is
the unit sphere of E*. The conjugate norm will be denoted by ||-|| since there will
be no occasion for confusion. The unit ball and unit sphere of E** are defined
analogously and are denoted by U** and S** respectively.

1.2.Definition. A Banach space E is said to be smooth at x € S if and only if
there exists a unique hyperplane of support at x, that is, there exists only one
continuous linear functional /, € E* with ||/.|| = 1 such that /. (x) = 1. Such a
linear functional I, € E* is called the support functional of U at x, and I {1p
is called the hyperplane of support of U at x. A Banach space E is said to be a
smooth Banach space if it is smooth at every x € S.

1.3. Definition. The norm ||-||: E — R* is said to be Gdteaux differentiable at
x € E if and only if there exists a functional G, € E* such that

llx + zhll — |lxll

: -GMW| =0

lim
=0

for every h € E. G, is called the Gdteaux derivative of the norm at x € E. A
Banach space E is said to be uniformly smooth if and only if

i e+ okl = el = 1G,08) _
-0 t

uniformly for (x,h) € S X S. The norm ||-||: E — R* is said to be differentiable
(Fréchet differentiable) at x € E if and only if there exists a functional G, € E*
such that

tim L+ Bl =[x = G| _

i, Tl 0.
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The norm ||-||: E — R* is said to be uniformly Fréchet differentiable if and only if

b | Al = ol = G| _

I, Tl 0

uniformly for x € S. The norm |-||: E = R* is of class C! or continuously
differentiable if and only if the mapping G: E ~ {0} = E* ~ {0} given by
G(x) = G, is continuous.

1.4. Remark. Before turning to the definitions of higher-order differentiability,
note that the norm in E is:

(i) Gateaux differentiable at x € E if and only if
i I+ 2Rl = lxl

li

-0 t =G (h)

exists for all A € E;

(i1) smooth at x € E if and only if it is Giteaux differentiable at x € E.

(iii) Fréchet differentiable if and only if it is of class C! away from zero;

(iv) uniformly smooth if and only if it is uniformly Fréchet differentiable.

Note that (i) is Mazur’s theorem and can be found in Mazur [16], while (ji),
(iii), and (iv) can be found in Day [9].

1.5. Definition. Let E and F be Banach spaces, then £(E,F) denotes the
Banach space of continuous linear mappings from E into F with the usual operator
norm. ®%(E, F) denotes the Banach space of continuous k-multilinear mappings
v: EX -+ X E — F with the norm

lloll = sup  lv(x, .20l
||x,||-°~-||x,‘ =
The spaces B*(E, F) may be identified with the spaces defined inductively as
follows:

®(E,F)=F, ®*(E,F) = £(E,3*\(E,F)) = ®(E,L(E,F)).

A mapping ¢: E — Fis said to be a homogeneous polynomial of degree k if there
exists a k-multilinear mapping f: E X -+ - X E — F such that ¢(x) = f(x,...,x)
forall x € E.

1.6. Definition. Let E and F be Banach spaces and let 4 be an open set in E.
A mapping f: 4 = F is said to be differentiable at x € A if there exists a
mapping f'(x) € L(E, F) such that

i G+ D) =1G) = ') - B _
& [

In this case f is continuous at x € 4 and f’(x), which is unique, is called the
derivative of f at x. The higher-order derivatives f*®): 4 — ®*(E, F) are defined
in the usual manner (see Dieudonné [10]). The mapping f: 4 — F is said to be of
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class C* or k-times continuously differentiable if it is k-times differentiable and the
kth derivative f®): 4 — ®*(E, F) is continuous. The mapping f: 4 — F is said
to be of class C* if it is indefinitely continuously differentiable.

1.7. Remark. (i) Let E and F be Banach spaces and let 4 be an open subset of
E. If the mapping f: A — F is k-times differentiable on A, then the multilinear
mapping f®)(x) € ®*(E, F) is symmetric for each x € A.

(ii) Any continuous k-multilinear mapping is indefinitely differentiable, and all
its derivatives of order > k + 1 are zero.

A proof can be found in either Cartan [6] or Dieudonné [10].

Next the Lebesgue-Bochner function spaces are defined. In the following
(T, Z,p) is an arbitrary measure space, that is, T is a nonempty set, = is a o-
algebra of subsets of T and pu: = — R* is a countably additive measure. (Here
p is assumed to be nontrivial, that is, p is not supported by finitely many atoms
and the range of p contains at least one nonzero real number.)

1.8. Definition. Let E be a normed linear space. If f: T — E, then f is p-
measurable if and only if:

(i) f-Y(G) € = for every open set G C E, and

(ii) there exists a set N € I, with w(N) = 0, and a countable set H C E, such
that f(T~ N) C H.

1.9. Definition. If 1 < p < oo, the Lebesgue-Bochner function spaces L,(E, p)
are defined as follows:

L(Ep) = {f | f: T = E is measurable, and fr LF DN du(r) < oo}

for1 < p < o0, and

L (Ep) = {f | f T = E is measurable, and ess sup Il < oo}
te

(as usual, identifying functions which agree p-a.e.). When T is the set of positive
integers and p is the counting measure, L,(E, u) is usually denoted by /,(E).

2. Fréchet differentiability of the norm in L,(E, 1), 1 < p < oo. In this section
a complete characterization of the Fréchet differentiability of the norm in the
Lebesgue-Bochner function spaces L,(E, p) is given. It is shown that the norm in
L,,(E, p), 1 < p < o, is differentiable away from zero if and only if the norm in
E is differentiable away from zero. Before proceeding to the theorem a few useful
lemmas are stated. The first can be found in Vainberg [21, p. 43].

2.1. Definition. Let E, F be Banach spaces and 4 an open subset of E.

(i) A mapping f: A — F is said to be locally bounded on A if and only if for
each x, € A there exists a py = py(xy) > 0 such that B(xy,pp) = {x € El
lbe — xoll < pg} C A and fis bounded on B(xy, py).

(ii) A mapping f: A — F is said to have a locally uniform derivative f’ on A if
and only if given any € > 0 and x;, € A, there exist 7 = 7(xp,€) > 0 and
8 = 8(xg,€) > 0 such that
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e+ k) =f(x) = f'(x) - h+0,(h)

where [|0,(A)|| < ellA|| for all x € A with ||x — x,|| < n(xg,¢), whenever ||A|
< 8(x0, E).

2.2. Lemma [Vainberg]. Let E, F be Banach spaces and f: E — F be differentia-
ble. Then f': E — C(E, F) is continuous in the ball B, = {x € E | ||x|| < r}if and
only if

(i) f has a locally uniform derivative in B,, and

(ii) f’: E — £(E, F) is locally bounded in B,.

Note that the above lemma is valid if the ball B, is replaced by any bounded
setin E.

2.3. Lemma. Let E and F be Banach spaces and g: E — F be continuously
differentiable. If C C E is compact, then g is uniformly differentiable on C.

The proof is a direct consequence of Lemma 2.2, and standard compactness
arguments.
The next lemma is known, and is stated here for completeness.

2.4. Lemma. Let E be a Banach space and (T, Z, u) a measure space. If f: T — E
is a measurable function, then f is locally almost compact-valued; that is, if P € Z,
0 < w(P) < oo,ande > 0, then there exists Q € =, Q C P, with0 < w(Q) < &,
such that f(P ~ Q) is precompact.

Proof. Let f,: T — E, n > 1, be a sequence of measurable simple functions
such that f, > fp-a.e.,andlet P € =, 0 < p(P) < oo. From Egoroff’s theorem,
there exists @ € =, Q C P, with 0 < u(Q) < ¢, such that f, — f uniformly on
P~0.

If 8 > 0, choose n sufficiently large that ||f(t) — £(?)|| < 8forallt € P ~ Q.
Let the range of f;: T— E be {b;,b;,...,b}, and let U(};,8) = {x € E|
b, - xll <8},i=12,...,k Then

k
fP~Q) c UU®G,S);

hence f(P ~ Q) is precompact, that is, f is locally almost compact-valued.

Q.E.D.

2.5. Theorem. Let E be a Banach space, (T,Z,pn) a measure space and
1 < p < . The norm ||-||: L,(E,p) = R* is differentiable away from zero if and
only if the norm ||-||: E — R* is differentiable away from zero.

Proof. 1. Suppose that the norm in E is differentiable away from zero. Define
g E—>R*and §: L,(E,p) > R* by

glx) = %’ Ix||? forx € E

and
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£0) =W =2 [ IO due) forf & L,(E.p)

Since the norm in E is continuously differentiable away from zero (Cudia [7,
Corollary 4.11]), and since p > 1, then g is continuously differentiable at all
x € Eand

g'(x) = Ix|I”'G, for x # 0,
g'(0) =0,

where G, € E* is the derivative of the norm in E at x. Now, g(x +y)

= g(x) + g'(x) - y + O,(») where [|6,(»)ll/llyll = 0 as [yl = 0. Let f € Ly(E,
p) with [|f]l = 1, and let h € L,(E,p); then

@n g(f(9) + K1) = g(f()) + &' (f(1)) - A(¥) + Oy (h())

forallt € T. The mappingy: T — E*, given by y(¢) = g’(f(?)) for ¢t € T, being
the composition of a measurable function and a continuous function, is measur-
able; and from the definition of g/, it follows that y € L (E*, ). The measura-
bility of y, together with (2.1), imply that the mapping ¢ — 0y, (h(r)) is measura-
ble. Thus,

) [0 + k) ault) = [ 8(F@)dute) + [ () - h()) (o)
' + [, 6y (W) ).
Defining §'(f) - h = frg'(f()) - h())du(t) for all h € L,(E,p), then £%(f)

€ L,(E,p)*, and in order to show that §'(f) is the derivative of § at f
€ L,(E,p), from (2.2) it suffices to verify that

frowtmrar/ (f o1 aw)” o

as ||a]l = (fr |A()||? du(?))¥? — 0. From (2.1) and the mean-value theorem
(Cartan [6]), noting that ||g’(f ()l = [f@IIP, it follows that

(23) 169 B < 2!Ih(t)llogg 7@ + oh@)I”!

for all t € T. The rest of the discussion is divided into two cases.

Case 1. W(T) < oo (assume p(f) = 1). The mapping A: = — R* defined by
MG) = S5 IIf @I du(r) for G € = is a finite, positive measure, which is absolute-
ly continuous with respect to p. Therefore, given e > 0, there exists a §; = & (f,¢)
> 0 such that

24) I, 15@1P du) < de/6)*
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whenever G € = and (G) < 8. (Here I/p + 1/g = 1))
Let 0 < ¢ < 1; from the mean-value theorem,

£ + erOI” = IfOIP| < 2pll<ph(t)llo§;§|llf @ + yphOIF",

and it follows immediately that

ozg&llf@) + @h@I” = lFOIP| < 2pIRONILFON + AN

From Holder’s inequality,

)

oi‘.’,‘s’."f(t) + k| = IF (I | du?)

< 20( f, I ) (f, sl + o1 as0)

and thus,

du(f) >0 as |4 — 0.

f

Since for arbitrary G € 2,

sup [If() + kI - IO
0<¢<1

) [0222. £ @) + PO - Ilf(t)ll’] du(t)|

< [ | sup 11F@) + @hOIP — IF DI | du),
0<ps1
given any ¢ > 0, there exists a 8, = §,(f,¢) > 0 such that
@ |fo[ s 170 + wr0l - 1O || < yerey

for all G € =, whenever ||A]| < 8.

Also, from Lemma 2.4, there exists I € =, with 0 < (%) < §, such that
J(T ~ T) is precompact; hence given any & > 0, there exists by Lemma 2.3,
8; = 8;(f,&) > 0 such that

(2.6) 0. () < (/3)1I¥l
for all x € f(T ~ T,), whenever ||y|| < 8;. Let §, = min(§,,8;,6}/7 - §;) and let
h e Lp(E9“") with "h" < 80'

Since () < &, (2.4) implies that fz ||f(1)]|’du(r) < 4(¢/6)%, and thus from
(2.5) it is inferred that

J; 552 5@ + @hOIP dutd) < (&/6)".
1 0<@<l1
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From (2.3) and Hélder’s inequality, it is verified that

@7) S 180 (@)1 o) < (e/3) Al
Now let ; = T ~ T, and define (k) = {t € T | ||A(®)|| > 8,); then

» » .
SSuEM) < [, IO du) < [ IHOI i) < 8 < 8- 8,
that is, p(%;(h)) < §,. The preceding inequalities together with (2.4) imply that
Iz If @I du(r) < 4(e/6)" and since ||A|| < 8, < &, (2.5) implies that

f,,(,,, o I @) + @R dult) < (e/6)°.

sl

From (2.3) and Hélder’s inequality,

(28) S 100N did) < /3) Al

Now let T;(h) = T, ~ T(h), then T;(h) C T ~ T, and since f(T ~ T) is
precompact, and [|A(¢)|| < 8, for all ¢t € T;(h), (2.6) implies that

S 00BN <5 [ WA ) <5 [ 14Ol o).

From Holder’s inequality, since p(T) = 1,

29) S 0B die) < (e/3) 1l

Combining (2.7), (2.8), and (2.9), since T = T, U T;(h) U T;(h), (disjoint union),

then fr [0, (h(9))] dp(e) < ellAll.
What has been shown is that, given any e > 0, there exists a 8, = 8,(f,€) > 0,
such that

(2.10) 160 H@)] du(t) < el

whenever h € L,(E,p) and [|A]| < &.

Case 2. p(T) = oo. In this case, since the support of f is o-finite, it can be
assumed without loss of generality that the measure space (T, =, u) is o-finite. Let
{4,},> be a pairwise disjoint sequence of sets from = such that u(4,) < oo for
alln>land T = UL, 4,.

Letf € L,(E,p) with |Ifl| = (I If )| du(r))* = 1, then

flsorae = [, Orao = 3 [, 1fOF a0 = 1.

Given ¢ > 0, there exists a positive integer Nj such that
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3 Lo ) < /9y,
that is,
Jiznrae FOI° ) < (/4"
Since the mapping B: L,(E,p) — R* given by
BO) = [, a0 222, 1 O) + BN 40
is continuous, there exists a 8, = §,(f,&) > 0 such that
Sttt S22 15O + QRO dule) < (e/4)"

No+14n 0<p<

whenever ||4]| < 8. Proceeding exactly as in the previous case, it is obtained that

@11) J P T COETORS B

whenever ||A]| < §,.
Now, w(UX, 4,) = 3%, u(4,) <o, and from the result of Case 1, there

exists a 8, = 8,(f,&) > 0 such that

@12) S0, 1610 B die) < Jellh]

whenever ||A]| < 8,.
Letting 8, = min(§;,8,), then Sz [0, (h(?))| du(r) < ellhll whenever ||All < &.
Thus, in either case,

g (f, ol aut) ) = o

and §: L(E,p) > R* is differentiable at f €& L,(E,u), with £'(f)-h
= fr8'(f(®)) - h(z)dp(r) for all h € L,(E, ). Therefore, the norm ||-||: L,(E,p)
- R* is differentiable away from zero.

2. Conversely, suppose the norm |-[|: L,(E,p) = R* is differentiable away
from zero; since E is isometrically isomorohic to a closed subspace of L,(E,p),
the norm ||-||: E — R* is differentiable away from zero. Q.E.D.

3. Higher order differentiability of the norm in L,(E,p). In this section a
complete characterization of the higher-order differentiability of the norm in the
Lebesgue-Bochner function spaces L,(E, p) is given. The first result shows that if
P > k, then the norm in L,(E,p) is k-times continuously differentiable away
from zero if and only if the norm in E is k-times continuously differentiable away
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from zero and the kth derivative of the norm in E is uniformly bounded on the
unit sphere in E. This is proved first for the case k = 2, and then a straightfor-
ward induction argument completes the proof for k > 2. (Note that the
induction cannot start with k = 1, since the first derivative of the norm in E is
automatically bounded on the unit sphere.)

3.1. Theorem. Let E be a Banach space, (T, Z, 1) a measure space and p > 2. If

the norm ||-||: E — R* is twice continuously differentiable away from zero and the
second derivative of the norm in E is uniformly bounded on the unit sphere in E, then
the norm ||-||: L,(E,p) — R* is twice continuously differentiable away from zero.

Proof. Suppose the norm in E is twice continuously differentiable away from
zero and the second derivative of the norm in E is uniformly bounded on S.
Define g: E — R* and §: L,(E,p) = R* by

glx) = %’ Ixl|” forx € E

and

£() =P =L 1@ du) torf € L,(E,p).

Since the norm in E is twice differentiable away from zero and p > 2, then g is
twice differentiable at all x € E and g”(0) = 0.

If |lg”(x)| < Mforallx € E, ||x|| = 1, then g”(Ax) = |A|"2g”(x) forA # 0
implies that ||g”(x)|| < M||x||”? for all x € E, x # 0. Hence g is twice
continuously differentiable at all x € E. Now, g'(x +y) = g'(x) + g"(x) - y
+ 0,(y) where [|0.(»)lI/llyll - 0 as ||yl - 0.

Let f € L,(E,p) with [|fll = (fr If@)I°du(s))? = 1, and let h € L,(E,p);
then

G0 g(f () + ) = g (f()) + g"(f (1)) - h() + Oy ()

forall € T. The mapping y: T — £(E, E*) given by y(t) = g”(f()) fort € T,
being the composition of a measurable function and a continuous function, is
measurable; and from (3.1) this implies that the mapping ¢ > O (h(f)) is
measurable.

Define the mapping ,(k): T — E* by

) j(h)(t) = 0,(,)(h(t)) forteT.

From (3.1) and the mean-value theorem (Cartan [6]), since ||g”(x)|| < M||x||P?
for all x € E, it follows that

185 RN < 2Mllh(t)llo§!;glllf(t) + Q)|

for all ¢+ € T. Therefore, from Holder’s inequality, it follows that
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[ oo R)IF )
(3.2) q
< @my ([, | s, 0 + wriol] ") (f, o anco)”

and hence, &,(h) € L (E*,p) with I,(m)] = (fr 6 (A1)l du(9))"2. Now let
£"(f): L,(E,p) X L,(E,p) = R be defined by
£°(f) - (b)) = f, 8;'(f () - (0 (2), b (1)) d(®)

for all by, h, € L,(E, ). Then from Holder’s inequality it follows that ||£”(f)I|
< M|fII”% Hence £"(f): L,(E,p) X L,(E,p) = R is a bounded, symmetric
bilinear form.

From (3.1) it follows that

L8 U@+ m@) - @) - [ 8'(F©) - k) )

~ [, 8"(F®) - (@), k@) du@® = [, 61 (D) - hae) (e,
that is, g'(f+ k) - by — &'(f) - by — £"(f) - (m, hy) = O;(y) - hp. Taking the
supremum over those h, € L,(E, p) for which ||h,|| = 1, then
63) £+ ) = £0) - £0) - hll = IR
In order to show that §”(f) € B%(L,(E,p),R) is the second derivative of £ at
f € L,(E,p), from (3.3) it suffices to show that
18,0 _ ¢ 180 @@)F a0
Al ([, It P duto))e

as |l = (Jr K@)|IP du())*> — .
Proceeding exactly as in Theorem 2.5, two cases are considered:
Case 1. y(T') < oo (assume p(T') = 1). From (3.2), for any G € I,

63 [, 1ot au) < a0 ( f, 150 + somalPaud) I

(where 0 < or) <1 is chosen so that supyc,<llf(®) + @A)l = IIf ()
+ @(0)h(D)|]). Given € > 0, choose & = §,(f,&) > 0 such that

(34) [ 1@ dute) < %(m)m

whenever y(G) < §,.
Choose 8, = 8,(f,&) > 0 such that
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(3.5) | f 1£@) + @A) - IIf(t)II”du(t)l (2M _a,n/q)p/p_2

for all G € = whenever ||| < &,.
Choose T, € T with 0 < u(T;) < 8, such that f(T ~ T) is precompact, and
choose §; = 8;(f,¢) > 0 such that

(3.6) oIl < (/3% Iyl

for all x € f(T ~ T,) whenever |y|| < 8.

Now let 8, = min(8,,8;,8/% - 8;) and let & € L,(E,p) with [|h]| < &. Pro-
ceeding as in the proof of Theorem 2.5, it is seen that Ur ||0,(,>(h(t))||"dy(t))‘/"
< ¢||h|| whenever ||A]] < &,

Case 2. /(T) = oo. Again, since the support of f is o-finite, it can be assumed
that (T, Z, p) is o-finite. Let {4,},>; be a sequence of pairwise disjoint sets from
S such that p(4,) < oo for all n>1 and T = U2,4, Since |f|I’
= a1 Ja, IF@IIP du(r) = 1, choose N, such that

fu;» fOIPdue) < 5 (ZMG. ZVq)P/p-z.

By the same procedure as above, there exists a 8, = §,(f,&) > 0 such that

[ ORI

~ wheneverh € L,(E,p)and ||| < &. Since (UM, 4,) < oo, from Case 1, there
exists a 8, = §,(f,&) > 0 such that

Lo . Voo IP ) < S

whenever h € L,(E,p) and [|A]| < 8,
Let §, = mm(8,,82), then (fr IIOJ(,)(h(t))ll"dy(t))'/" < ¢||h|| whenever ||A]| < 8.
Thus, §: L,(E,p) — R* is twice differentiable at f € L,(E, p) with

£°(f) - (k) = [ 87(f®) - (D, k() due)

for all y, hy € L,(E,p). It remains only to show that the mapping §”: L,(E,p)
- (L,(E,p), L,(E,p)*) is continuous. Again, two cases are considered.

Case 1. (T) < oo (assume (T) = 1). Let f, f, € L,(E,p) for n > 1, and
suppose f, = f in L,(E, p). It must be shown that §"(f,) = £"(f) in £(L,(E, p),
L,(E,p)*). Since f, = fin L,(E, p), there exists a subsequence { f, };»; such that
5@ = f(@) in E p-ae., and since g”: E = £(E,E*) is continuous, g"(f, (1)
— g"(f(?)) in &(E, E*) p-a.e. For by, h, € L,(E, p),

£7(f) - (k) = [ 87(f@) - (D), k() d(),
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and therefore,
187(£) - (s h2) — £7(F) - (s ho)l
< [ 18"(£,®) = "SI Ol @) duo).

From the Vitali convergence theorem (Dunford and Schwartz [12]), since f, = f
in L,(E, p), given any & > 0, there exists a § = 8(¢) > 0 such that

S M@ du®) < e/aM)?7  for all i > 1, and

[ 1507 dute) < (e/am)?e2,

whenever u(G) < 8(e). (Here |lg”(x)| < M for all x € S.) From Egoroff’s
theorem, there exists an F € £ with 0 < p(F) < 8(e) such that [lg”(f, ()
- g"(f(O)l = 0, as n; = o uniformly on T ~ F; that is, given any ¢ > 0, there
exists an N(e) such that

(39) lg”(£,(0) — g" (SNl < ¢/2

for all t € T ~ F, whenever n; > N(e).
Therefore, from (3.7) and Hoélder’s inequality,

(3.10) f,~, llg”(£,) — &" (SO I ON 1Al dult) < Lellbu | 12, |

for all ,, h, € L,(E, ), whenever n; > N(e).
Now, since [lg”(x)| < Mllx[|”?,

18" (r@) — &GN IOl @)l dice)

<M L{Ilﬂ.,(t)ll"" + 1S @I} m Ol 2y ()| dule),
and from Holder’s inequality,
fp llg”(£,@) = " (SN 1A @I 1A (Il ()

S M (fuorao) " + (fsorao)” Jimt i,

From (3.8), since u(F) < 8(e),

(3.12) f, lg"(£,@®) = "N IOl A0 i) < Sella [ 1Al

for all n,, and for all by, h, € L,(E, p).
Combining (3.10) and (3.12) if n;, > N(e), then

[ g () = "GOO IOl due) < ell [ 1A

(3.7)

(3.8)
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for all hl’ h2 € Lp(E9 I'-); that iS, Ig”(j;l‘) ) (hlyhz) - g”(f) : (hl’hZ)I
< ¢l || A, |l for all 4y, h, € L,(E, p), whenever n; > N(e).

Taking the supremum over all h;, b, € L,(E, p) with ||y || = [|h,]] = 1, then,
lg”(£,) — (Il < e whenever n; > N(e). Thus, £”(f,) = £"(f) in £(L,(E, p),
L,(E,p)*) as n, > oo.

What has actually been shown is that every subsequence of the sequence
{£"(£,)}s>1 contains a convergent subsequence, and they all converge to the same
limit, namely, §”(f). Therefore the entire sequence {£”(f,)},>) converges to
£'(f), that is, §”() — £”(f) in E(L,(E, ). L, (E.)")

Case 2. (T) = oo. Let f,, f € L,(E,p), n > 1, with f, = fin L,(E, p). Again,
there exists a subsequence {f,},5, such that f,(f) = f(¢) in E p-a.e; and by
continuity of g”, g”(f, (1)) = g”(f(?)) in E(E, E*) p-a.e.

By the Vitali convergence theorem (Dunford and Schwartz [12]), given ¢ > 0,
there exists a set E, € = with 0 < p(E,) < oo such that

f’ ~E 14, ONP dut) < (e/4M )72 for all n;, and
(3.13) :
fo Q1P i) < e/an Y2,

By the previous case, since p(E,) < oo, given any € > 0, there exists an N(e)
such that

f& llg” (@) — g" (SO I DIl 1A ()l due) < dell I 11

for all iy, h, € L,(E,p) whenever n; > N(e).
From (3.13), reasoning as above,

(3.14) f,% llg”(£,(D) — " (SN @l 12| dpe) < Jella || 17, |

for all iy, b, € L,(E,p), and for all n;.

Thus, |£"(£,) - (k) = £7(f) - ()| < elly || ||| for all hy, b, € L,(E,
p) whenever m; > N(e). Therefore, [|§”(f,) — £”(f)ll < & whenever n; > N(e);
that is, £”(f,) = £"(f) in €(L,(E,p),L,(E,p)*). Reasoning as before, this
implies that §(;) —> §”() in E(L,(E, b}, L,(E, w)*) as n — co.

Therefore, the norm |-||: L,(E,x) = R* is twice continuously differentiable
away from zero. Q.E.D.

The converse of this theorem is also true:

3.2. Theorem. Let E be a Banach space, (T, Z, 1) a measure space and p > 2. If
the norm ||-||: L,(E,pn) — R* is twice continuously differentiable away from zero,
then the norm ||-||: E — R* is twice continuously differentiable away from zero and
the second derivative of the norm in E is uniformly bounded on the unit sphere in E.

Proof. Suppose the norm in L,(E, p) is twice continuously differentiable away
from zero; since E is isometrically isomorphic to a closed subspace of L,(E, u),
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it follows immediately that the norm in E is twice continuously differentiable
away from zero. The main difficulty here is showing that the second derivative of
the norm in E is uniformly bounded on the unit sphere in E. In this case, since
L,(E) is isometrically isomorphic to a closed subspace of L,(E, p), it is sufficient
to work with the sequence spaces [,(E). Define g: E — R*and §: [,(E) —» R*in
the usual manner: g(x) =p!|x||? for x € E and g(a) = p~!|lall’
= p' 3% lla,ll® for a = {a,},5, € L,(E). Since p > 2, then g and £ are twice
differentiable at x = 0 and a = 0, respectively, with g’(0) = g”(0) = 0 and
£'(0) = £”(0) = 0. Note also that

g@) = 2 g(a) and £'@)-h= 3 2'@)-h

foralla, h € I,(E) (see Theorem 2.5 with T = N and p the counting measure).
Now if a,b € [(E), from Taylor’s formula, g(a+ b) = g(a) + £'(a) - b
+ 1¢"(a) - (b,b) + 0,(b) where 8,(b)/||b|? — 0 as ||b]| — 0, and hence

(B.15)  £7(@) - (b,b) = 2((a + b) - £(a)) — 2£'(a) - b — 20,(b).
Again, from Taylor’s formula, for all K > 1,

(3.16)  glax + b) = g(a) + 8'(a) - b + 38"(ar) - (be> bi) + Oy, (bi)

where 0,(»)/IlyIF = 0 as [|yl| - 0.
Ifn > 1,letb* = (b,b,,...,b,,0,0,...); then from (3.15)

@ 6" =5 5 (gla+b) - 3@~ 2 3 8@ - b~ 28,0")
while from (3.16),
(G17) @ - 6750 = 3 g"(@) - Guube) +2 3, 0,(60) — 20407,
If A 0, then
2@ - (5" = 3 g(@) - (b Aby) +2 3 6, () - 28,00"),
and therefore,

0.,,( ) 20, Ab")
;\z

Letting A = 0, then ”(a) - (b",b") = Jr=1 8"(ax) - (bs,by) for all b € L(E)
and for all n > 1. Since §”(a) is symmetric, it is determined by its values on the
diagonal, hence

£ (",0") = 2 8" (@) - (besbe) +2 2
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(3.18) 2@ ") = 3 g"@) - Guc)

forallb,c € [,(E)and foralln > 1.
Now [16" = bll = (Zi=ps1 1BlP), lle” = cll = Sianst llcellP)?? and 5" — b,
¢" = cin [(E) as n — oo; since £”(a) is a continuous bilinear form, then

lim §"@) - (", ") = §(@) - (b,) < oo
Therefore,lim, ., k-1 8"(a) * (Be,cx) = £7(a) - (b,¢) < oo, that is,

(3.19) '@ 6.0 = 3 8"@) - Guc) <o

for all b, ¢ € [,(E). This implies that there exists an M > 0 such that [lg”(x)||
< M for all x € S. If the assertion is false, then there exists a sequence {x,},>;
in E with ||x,|| = 1 for all n > 1, such that

(3:20) lg”Ge)ll > 2" foralln > 1.

Given e > 0, there exist sequences {b,},> 1, {cs},>1 in E with ||5,]| = [lc,l| = 1 for
all n > 1, such that

(3:21) g"(xn) + (bnsca) > llg”"(xp)ll =& foralln > 1.

Therefore,

(62) 56 (2 > sl Gl - 555
2n/p> 2nlp 22n/p 22/p

and since g”(x,) = (2"7)?2g"(x,/2"/?), then (3.22) implies that

(3.23) g(ﬁ) : (21,’,';, 2,,,,) > "g”éf."')" 5

foralln > 1. Let

a={x/2""},51, b={b/2"},5,, and c = {c,/2"F},5,,
then g, b, ¢ € [,(E) and ||al| = [|b]| = [lc[l = 1; but

£"(@) - (b,c) = 2 ( 2n/p) ( 2':;’ 2271')

> Ew—e> 2%;—e=oo,
n=1 n=1

a contradiction, since by hypothesis §”(a) - (b,c) < ». Q.E.D.
Theorem 3.1 and Theorem 3.2 together yield the following theorem:

3.3. Theorem. If E is a Banach space, (T, =, ) a measure space and p > 2, then
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the norm ||||: L,(E,p) = R* is twice continuously differentiable away from zero if
and only if:

(i) the norm ||-|: E — R* is twice continuously differentiable away from zero, and

(ii) the second derivative of the norm in E is uniformly bounded on the unit sphere
in E.

Suppose now that k is a positive integer, p > k, and E is a Banach space whose
norm is k-times continuously differentiable away from zero. The mappings
g E— R*and g: L,(E,p) = R* are defined as usual:

50 = S IxIP for x € E,
80 = S =3 L@ forf € L(Eww).

3.4. Lemma. (i) If g®: E — B*(E,R) is uniformly bounded on S, then g¥): E
— B!(E,R) is uniformly bounded on S for 1 <1< k- 1.
(i) Ifx € E,x #0,and\ # O, thenfor 1 <1<k,

gD (x) = (sgn AY|N" gD (x).

(iii) If p > k, and ||g®(x)|l < M for all x € S, then g is k-times continuously
differentiable at x = 0, and g"(0) = 0 for 1 <1 < k.

Statements (i) and (ii) follow from the definition of g, and (iii) is a consequence
of (i) and (ii).

Assume now that the norm ||||: L,(E,p) = R* is (k — 1)-times continuously
differentiable away from zero, and that for f € L,(E, p),

£6D(f) - (B, 13, ... BF) = f,g"‘“)(f @) - (2@, B (), . .., k() dp(r)
forall 2, k3, ..., h* € L,(E,p). Writing

g®(x + y) = g;k-D(x) + g®(x) - y + 0.(»),

where [|0,(»)l/Ilyll = 0 as ||y|| = 0, a straightforward induction argument then
shows that the norm ||-||: L,(E,n) = R* is k-times continuously differentiable
away from zero and that for f € L,(E, ),

EW(f) - (W, R,... . H) = f,g(")(f ®) - B @, K@), ..., k() dul?)

forall k', r2, ..., k* € L,(E,p).
Hence the following theorem holds:

3.5. Theorem. Let E be a Banach space, (T, Z, 1) a measure space, and k a positive
integer with p > k. If the norm ||-||: E — R* is k-times continuously differentiable
away from zero and the kth derivative of the norm in E is uniformly bounded on the



246 I. E. LEONARD AND K. SUNDARESAN

unit sphere in E, then the norm |||: L,(E,p) = R* is k-times continuously
differentiable away from zero.

In order to prove the converse of this theorem, suppose that p > k and the
norm |||} :Lp(E, w) — R* is k-times continuously differentiable away from zero.
Since E is isometrically isomorphic to a closed subspace of L,(E, p), it is clear that
the norm ||-||:E— R* is k-times continuously differentiable away from zero. Again,
as in the case of the second derivative, the maindlifficulty is showing that the kth de-
rivative of the norm in E is uniformly bounded on the unit sphere in E. Also, as in
the case of the second derivative, it suffices to consider the sequence spaces [,(E).
Proceeding by induction, it is assumed first that whenever ¢ € IP(E) and 1</<k-1,
the following are true:

(i)lg(l)(a) : (bl’b29 (RN ’bl) = 2:0-1 g(l)(an) : (b,l,,bg, (XX ’blll) for all &, b?,...,
b' € I(E), and
(i), there exists an M, > 0 such that [|g)(x)]| < M, forall x € S.
It is then a simple matter to show that (i), and (ii), imply that whenever
a € I,(E), the following are true:
O £@() - (B',0%...,0F) = 3L, 3W(a,) - (81,52, ..., bF) for all B, b2,
eers b* € [(E), and
(ii), there exists an M, > 0 such that ||g®)(x)|| < M, for all x € S.
Hence the following theorem is true:

3.6. Theorem. Let E be a Banach space, (T, Z, p) a measure space, and k a positive
integer with p > k. If the norm |-||: L,(E,p) = R* is k-times continuously
differentiable away from zero, then the norm ||-||:E—> R* is k-times continuously
differentiable away from zero and the kth derivative of the norm in E is uniformly
bounded on the unit sphere in E.

Combining Theorem 3.5 and Theorem 3.6:

3.7. Theorem. Let E be a Banach space, (T, =, 1) a measure space, and k a positive
integer with p > k. The norm ||||: L,(E,p) — R* is k-times continuously differen-
tiable away from zero if and only if:

() the norm ||-||: E — R* is k-times continuously differentiable away from zero,
and

(ii) the kth derivative of the norm in E is uniformly bounded on the unit sphere in E.

As a corollary to this theorem:

3.8. Corollary. Let E be a Banach space, (T,=,p) a measure space, and
1<p< 0.

() If p is not an integer and I(p) is the integral part of p, then the norm
I-ll: L,(E, ) = R* is I( p)-times continuously differentiable away from zero if and
only if the norm ||-||: E — R* is I(p) -times continuously differentiable away from
zero and the I(p) th derivative of the norm in E is uniformly bounded on the unit
sphere in E.
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(i) If p is an odd integer, then the norm ||-||: L,(E,p) = R* is (p — 1) -times
continuously differentiable away from zero if and only if the norm ||-||: E — R* is
(p — 1) -times continuously differentiable away from zero and the (p — 1) st
derivative of the norm in E is uniformly bounded on the unit sphere in E.

Proof. The proof of (i) is immediate from Theorem 3.7, by taking k = I(p)
< p. The proof of (ii) also follows from Theorem 3.7, by takingk = p — 1 < p.
The fact that L,(R,p) is isometrically isomorphic to a closed subspace of
L,(E, ), and the fact that p is an odd integer, imply that L,(E, p) is not p-times
continuously differentiable away from zero (see Sundaresan [18]). Q.E.D.

The only remaining case is when p is an even integer. The case whenp = 2 is
not as difficult as the previous case, even though the results are very surprising:

3.9. Theorem. If E is a Banach space, and (T, Z, 1) is a measure space, then the
norm ||-||: L,(E,p) — R* is twice continuously differentiable away from zero if and
only if E is a Hilbert space.

Proof. If E is a Hilbert space, then L,(E, p) is a Hilbert space and the result
follows. Conversely, suppose the norm in L,(E, p) is twice continuously differen-
tiable away from zero. As in the previous theorem, it is sufficient to work with
the sequence space ,(E). Note that with g(x) = }||x| for x € E,

1110 + yI? — 4lloI?
iyl
as ||lyll = 0; therefore g: E — R* is differentiable at x = 0 and g’(0) = 0.
From Taylor’s formula, if x, y € E, x # 0, then
(329 lx + yIF = lIxIP + 2g(x) - » + 8"(x) - (75) + 6,(»)

where 6,(»)/|lyI? = 0 as [yl - 0.
Let xo € E, xo # 0, be arbitrary. Let a = (x,,0,0,...), then a € L(E) and
llall = lixoll. If & = {hy},>1 € L(E), from Taylor’s formula,

=iyl -0

(3:25) la + Al = llal + 24°(a) - h + £"(a) - (0, ) + &,(h)

where [8,(#)|/|IAI? — 0 as [|4]] - 0.
Since §'(@) - h = ey g'(@) - b = g'(x,) - B (g’(0) = 0), from (3.25) it fol-
lows that

(326) o+ mIF+ 5 IhIF = lsolP + 28°Cx0) - b + 8@ - () + B,

From (3.24), with x = xy and y = h, it follows that

(327)  lxo + 1| = llxolP + 28"(x0) « &y + g"(x0) - (. 1) + Oy, (11)-
Combining (3.26) and (3.27),
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(3.28) £"(a) - () — ||KIF = g"(xo) - (s 1) = [y P + O, (y) — 8,(h).
Let ¢t # O, then

£"(a) - (th,th) — ||tk = g"(xo) - (thy, thy) — [|ehy [P + O, (thy) — O4(th),
that is,

£"@a) - (hh) = 1Al = 8"(xo) - (b, 1) = Iy IP + £720,,(ehy) — 728 ,(¢h).
Letting ¢ — 0, it follows that

(3.29) £"(a) - (h,h) - ||h|I’ = g"(xo) * (h, by) — |y "2

fora = (xo,0,0, .o .), h = (hl,hz, .e .,h,,, .o .) (S Iz(E).

Now let £ € E be arbitrary and let & = (0,£,0,0, .. .). From (3.29), it follows
that ”(a) - (h, k) — ||KI? = g"(xo) + (A, 1) — ||y |? = O, since now k, = 0. But
IB? = [1£[?, and therefore [I£I2 = £”(a) - ((0,£,0,0,...),(0,£,0,0,...)). Since
¢ € E is arbitrary and g"(a): L(E) X L(E) = R is a positive, symmetric,
bounded bilinear form, then E is a Hilbert space. Q.E.D.

If p is an even integer, p #* 2, using an argument almost identical to that in the
proof of the preceding theorem, the following theorem is obtained:

3.10. Theorem. Let E be a Banach space, (T, Z, n) a measure space, and p an even
integer, p # 2. The norm ||-||: L,(E,p) — R* is p-times continuously differentiable
away from zero if and only if the pth-power of the norm in E is a continuous
homogeneous polyromial of degree p. (In which case the norm in E is of class C®,
and from Theorem 3.7 this implies that the norm in L,(E, ) is of class C*.)

Combining Theorem 2.5, Corollary 3.8, and Theorem 3.10, the order of
smoothness of the Lebesgue-Bochner function spaces can be summarized in the
following theorem:

3.11. Theorem. Let E be a Banach space, (T,Z,pn) a measure space, and
1 < p < 0, then:

(i) The norm in L,(E, ) is differentiable away from zero if and only if the norm
in E is differentiable away from zero.

(i) If p = 2, the norm in L,(E, p) is twice continuously differentiable away from
zero if and only if E is a Hilbert space.

(iii) If p is an even integer, p # 2, the norm in L,(E, ) is p-times continuously
differentiable away from zero if and only if the pth-power of the norm in E is a
continuous homogeneous polynomial of degree p.

(iv) If p is an odd integer, the norm in L,(E,p) is (p — 1) -times continuously
differentiable away from zero if and only if the norm in E is (p — 1) -times
continuously differentiable away from zero and the (p — 1) st derivative of the norm
in E is uniformly bounded on the unit sphere in E.

(V) If p is not an integer, and I(p) is the integral part of p, the norm in L,(E, 1)
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is I(p) - times continuously differentiable away from zero if and only if the norm in
E is I( p) -times continuously differentiable away from zero and the I(p) th derivative
of the norm in E is uniformly bounded on the unit sphere in E.

3.12. Remark. The results on the order of differentiability of the norm in
L,(E,p) are exactly the same as the preceding results on the continuous
differentiability of the norm (except that “continuous differentiability” is to be
replaced by “differentiability”) and will not be discussed here.

4. Example. The purpose of this section is to discuss an example whic